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COSET CONSTRUCTION OF VIRASORO MINIMAL MODELS AND
COUPLING OF WESS-ZUMINO-WITTEN THEORY WITH
SCHRAMM-LOEWNER EVOLUTION
SHINJI KOSHIDA
Abstract. Schramm-Loewner evolution (SLE) is a random process that gives a use-
ful description of fractal curves. After its introduction, many works concerning the
connection between SLE and conformal field theory (CFT) have been carried out. In
this paper, we develop a new method of coupling SLE with a Wess-Zumino-Witten
(WZW) model for SU(2), an example of CFT, relying on a coset construction of Vira-
soro minimal models. Generalizations of SLE that correspond to WZW models were
proposed by previous works [Bettelheim et al., Phys. Rev. Lett. 95, 251601 (2005)]
and [Alekseev et al., Lett. Math. Phys. 97, 243-261 (2011)], in which the parame-
ters in the generalized SLE for SU(2) were related to the level of the corresponding
SU(2)-WZW model. The present work unveils the mechanism of how the parameters
were chosen, and gives a simpler proof of the result in these previous works, shedding
light on a new perspective of SLE/WZW coupling.
1. Introduction
After the introduction by Schramm [Sch00], an amount of studies on Schramm-
Loewner evolution (SLE) has been carried out in probability theoretical manners [Law04,
RS05, LSW01a, LSW01b, LSW02b, LSW02a,Wer03]. SLE is a random family of uni-
formization maps of simply connected domains, which is also equivalent to a random
curve in a simply connected domain with end points anchored on the boundary. In a
typical case, this random curve is identified with an interface separating clusters in a
critical lattice model such as the Ising model at the scaling limit [Smi01, CDCH+14].
Such a critical system is also known to be described by the framework of two dimen-
sional (boundary) conformal field theory (CFT) [BPZ84,Car86, Car89]. In CFT, it is
often possible to exactly evaluate correlation functions due to its large symmetry de-
scribed by a chiral algebra, and this gives an exact prediction on a critical system. A
relevant example in our context is Cardy’s formula [Car92, Smi01], which predicts the
crossing probability in the two dimensional critical percolation.
Since SLE and CFT are two frameworks approaching critical systems, they could be
connected to each other. This direction of research is called SLE/CFT correspondence,
and the relation between SLE and the Virasoro algebra has been established by means
of several formulations. One of them is the group theoretical formulation originated by
Bauer and Bernard [BB02,BB03a,BB03b], which identified SLE with a random process
on an infinite dimensional Lie group and clarified the mechanism of computing local
martingales associated with SLE relying on the representation theory of the Virasoro
algebra. We will shortly review this in Sect. 3. Other approaches include the one
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developped by Friedrich, Werner, Kontsevich, and Suhov [FW03, FK04, Fri04, Kon03,
KS07], in which SLE was considered as a random process on a moduli space of Riemann
surfaces via the Virasoro uniformization, and a generalization of SLE to a random
deformation of Riemann surfaces of higher genus was naturally formulated. In more
recent works by Dube´dat [Dub15b,Dub15a], the SLE partition function was constructed
as a function on a Teichmuller space by a localization technique.
Along the line of SLE/CFT correspondence, several generalizations of SLE have been
proposed. For example, multiple SLE [BBK05] corresponds to multiple insertion of
primary fields. The most general framework of SLE connected to the Virasoro algebra
was unified in [Kyt07]. Other examples of generalization correspond to CFTs governed
by other chiral algebras than the Virasoro algebra, such as affine Lie (super) algebras
[BGLW05, ABI11, Sak13, Kos17, Kos18a, Kos18c] and superconformal algebras [Ras04,
NR05, Kos18b]. A relevant example in the context of the current work is SLE with
internal degrees of freedom that corresponds to an SU(2) Wess-Zumino-Witten (WZW)
model governed by the affine sl2, an origin of which we discover in the present paper.
To make the issue we address in the present paper concrete, we begin with the con-
nection between usual SLE and the Virasoro algebra [BB02,BB03a,BB03b,Kyt07]. The
SLE {gt(z)}t≥0 of parameter κ (SLE(κ) for short) is a stochastic version of a Loewner
evolution satisfying the stochastic Loewner equation
(1.1)
d
dt
gt(z) =
2
gt(z)−
√
κBt
under the initial condition g0(z) = z, where the solution is hydrodynamically normalized;
gt(z) = z + 2t/z + o(z
−1) as z →∞. Here Bt is the standard Brownian motion on the
real axis starting at the origin. In connection to CFT, it is also convenient to shift SLE
by the Brownian motion: ft(z) = gt(z) −
√
κBt. Then SLE is coupled to CFT via the
following correlation function:
(1.2) MVirt =
∏
i
(f ′t(zi))
hi 〈Ψh∞(∞)Ψh1(ft(z1)) · · ·Ψhn(ft(zn))Ψh(0)〉 ,
where Ψ∆ is the primary field of conformal weight ∆ and the expectation value is taken
for CFT of central charge c. The SLE/CFT correspondence [BB02, BB03a, BB03b,
Kyt07] states that the above random process MVirt is a local martingale if the central
charge and the conformal weight inserted at the origin are chosen as
(1.3) c = cκ = 1− 3(κ− 4)
2
2κ
, h = hκ =
6− κ
2κ
.
A generalization of SLE that is coupled to a WZW model for a compact simple Lie
group G was proposed in [BGLW05,ABI11], and studied by the present author [Kos17,
Kos18a] relying on an infinite dimensional Lie group. Let us denote the complexification
of the Lie algebra of G by g and denote a finite dimensional irreducible representation
of g of highest weight Λ by L(Λ). The approach by [BGLW05, ABI11] began from
considering a random process
(1.4)
MGt =
∏
i
(f ′t(z))
hλi 〈Ψ(|λ∞〉 ,∞)Ψ(|λ1(z1)〉t , ft(z1)) · · ·Ψ(|λn(zn)〉t , ft(zn))Ψ(|vλ〉 , 0)〉 ,
where Ψ(|vΛ〉 , z) is the primary field specified by a vector |vΛ〉 lying in L(Λ) for a weight
Λ of g, and its conformal weight is denoted by hΛ. The expectation value is taken for
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the WZW model for G with level k. Again the random process ft(z) is the SLE(κ) with
a shift by the Brownian motion and a random process |λ(z)〉t on L(λ)[[z−1]] satisfies the
following stochastic differential equation (SDE):
(1.5) d |λ(z)〉t =
τ
2
dim g∑
a=1
(
Xa
ft(z)
)2
|λ(z)〉t dt−
√
τ
dim g∑
a=1
Xa
ft(z)
|λ(z)〉t dW (a)t .
Here W
(a)
t are mutually independent standard Brownian motions that are also inde-
pendent of the Brownian motion Bt appearing in the stochastic Loewner equation in
Eq.(1.1), and {Xa}dim ga=1 is an orthonormal basis of g with respect to the normalized non-
degenerate symmetric invariant bilinear form on g. It was argued in [BGLW05,ABI11]
that if g = sl2, λ is the fundamental weight, and the parameters κ and τ are chosen as
(1.6) κ = 4
k + 2
k + 3
, τ =
2
k + 3
,
then the random process MGt was a local martingale.
In [BGLW05], it was pointed out that for this κ, the corresponding central charge
given in Eq.(1.3) for the Virasoro algebra is
(1.7) cκ = 1− 6
(k + 2)(k + 3)
,
which is identical to the central charge for the Virasoro algebra obtained by a coset
construction denoted as (SU(2)k × SU(2)1)/SU(2)k+1.
The initial motivation of the current work was to better understand this phenomenon;
the appearance of central charge for a coset construction, but studies in this direction
revealed an origin of SLE with internal degrees of freedom that is coupled to WZW
model for SU(2) in an unexpected way, and how the parameter τ is chosen. We also
provide a simpler proof of the assertion that MGt is a local martingale for a certain
choice of κ and τ .
The organization of the present paper is as follows: The next Sect. 2 gives preliminar-
ies on the relevant vertex algebras in the current work. It contains exposition on Virasoro
vertex algebras and affine vertex algebras for sl2. We also recall the coset construction of
Virasoro vertex algebras developed in [GKO86,KW88]. In Sect. 3, we review the group
theoretical formulation of SLE originated by Bauer and Bernard [BB02,BB03a,BB03b],
which connects SLE to the representation theory of the Virasoro algebra. In Sect. 4, we
discuss a natural extension of SLE that is coupled to WZW theory for SU(2) from the
viewpoint of the coset construction. In the final Sect. 5, we conclude the present paper
and make some discussion.
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2. Preliminaries on vertex algebras
In this section, we give a brief introduction to vertex algebras that are used in the
subsequent sections, and review the coset construction [GKO86, KW88] of Virasoro
vertex algebras. A more detailed exposition can be found in books [Kac98,FBZ04,IK11].
2.1. Virasoro vertex algebra. One of the most fundamental examples of vertex al-
gebras is the Virasoro vertex algebra. Virasoro algebra is an infinite dimensional Lie
algebra Vir =
⊕
n∈ZCLn ⊕ CC with Lie bracket given by
(2.1) [Lm, Ln] = (m− n)Lm+n + m
3 −m
12
δm+n,0C, [C,Vir] = {0}.
To define relevant representations of the Virasoro algebra, we take subalgebras Vir± =⊕
±n>0CLn and Vir0 = CL0⊕CC. We also write Vir≥0 for Vir+⊕Vir0. For a given pair
(c, h) ∈ C2, we define a one dimensional representation C |c, h〉 of Vir≥0 by Ln |c, h〉 = 0
for n > 0, L0 |c, h〉 = h |c, h〉, and C |c, h〉 = c |c, h〉. Then the corresponding Verma
module M(c, h) is defined by
(2.2) M(c, h) = U(Vir)⊗U(Vir≥0) C |c, h〉 ≃ U(Vir−) |c, h〉 ,
where the latter isomorphism is one as vector spaces. A Verma module is irreducible
for a generic pair (c, h), but becomes reducible for a specific choice. We denote the
irreducible quotient by L(c, h). Here two parameters c and h are often called the central
charge and the conformal weight of the corresponding representation, respectively.
On a Verma module M(c, h), one can uniquely define a bilinear form 〈·|·〉 :M(c, h)×
M(c, h)→ C by imposing
(2.3) 〈c, h|c, h〉 = 1, 〈Lnu|v〉 = 〈u|L−n|v〉 , u, v ∈M(c, h).
This bilinear form descends to a nondegenerate one on the irreducible quotient L(c, h).
Among others, an irreducible representation L(c, 0) has a special feature that it admits
a structure of a vertex algebra. We write LVirc for this vertex algebra and call it the
Virasoro vertex algebra of central charge c. This vertex algebra is generated by a
single conformal vector ω = L−2 |0〉, where |0〉 = |c, 0〉 is the vacuum vector, with the
corresponding field
(2.4) Y (ω, z) = L(z) :=
∑
n∈Z
Lnz
−n−2.
A particular interest in the present paper is in the case when the central charge lies
in the minimal series [BPZ84]
(2.5) c = cminp,q = 1−
6(p − q)2
pq
for comprime integers p and q larger or equal than 3. For this central charge, modules
over the corresponding Virasoro vertex algebra LVir
cminp,q
are exhausted by L(cminp,q , hp,q;r,s),
where
(2.6) hp,q;r,s =
(rq − sp)2 − (p− q)2
4pq
for r = 1, · · · , p− 1 and s = 1, · · · q− 1. Note that this list over-counts modules because
the transformation r→ p− r, s→ q − s preserves the corresponding conformal weight.
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It is known that the quotient map M(cminp,q , hp,q;r,s)→ L(cminp,q , hp,q;r,s) has a nontrivial
kernel. Indeed the Verma moduleM(cminp,q , hp,q;r,s) carries a singular vector |χp,q;r,s〉 that
is an eigenvector of L0 corresponding to an eigenvalue hp,q;r,s + rs. A relevant example
in our context is the case when (r, s) = (2, 1). In this case the vector
(2.7) |χp,q;2,1〉 =
(
−2L−2 + κ
2
L2−1
)
|cminp,q , hp,q;2,1〉 ,
where κ = 4p/q is a singular vector.
2.2. Affine vertex algebra for sl2. Though an affine vertex algebra is defined associ-
ated with an arbitrary finite dimensional reductive Lie algebra g, we concentrate on the
case when g = sl2. We take a standard basis of g = sl2
(2.8) E =
(
0 1
0 0
)
, H =
(
1 0
0 −1
)
, F =
(
0 0
1 0
)
,
and let (·|·) be a nondegenerate symmetric invariant bilinear form on g defined by
(X|Y ) = Tr(XY ), where the product and the trace are computed by regarding the
entries as two by two matrices.
Then the corresponding affine Lie algebra is defined by ĝ = g⊗ C[ζ, ζ−1]⊕ CK with
Lie bracket
(2.9) [X(m), Y (n)] = [X,Y ](m+ n) +m(X|Y )δm+n,0K, [K, ĝ] = {0},
where X(m) = X ⊗ ζm for X ∈ g.
Recall that finite dimensional irreducible representations of g are parametrized by
non-negative half integers; namely, for j ∈ 12Z≥0, the corresponding irreducible repre-
sentation L(j) is (2j+1)-dimensional and generated by a highest weight vector |j〉 such
that E |j〉 = 0 and H |j〉 = 2j |j〉. To consider representations of ĝ, we extend the action
of g on L(j) to one of g ⊗ C[ζ] ⊕ CK by identifying g with the zero-mode subalgebra
g ⊗ ζ0 and by the defining properties (g ⊗ C[ζ]ζ)L(j) = {0} and K 7→ kId for some
complex number k ∈ C. Then a representation of ĝ is constructed as
(2.10) L̂(j)k = U(ĝ)⊗U(g⊗C[ζ]⊕CK) L(j) ≃ U(g⊗ C[ζ−1]ζ−1)⊗ L(j).
This representation is not necessarily irreducible as a representation of ĝ, and its irre-
ducible quotient is denoted by Lg,k(j).
On a representation Lg,k(j), we define a nondegenerate bilinear form 〈·|·〉 by
(2.11) 〈j|j〉 = 1, 〈X(n)u|v〉 = −〈u|X(−n)v〉 , u, v ∈ Lg,k(j).
We can equip a vertex algebra structure on a vacuum representation Lg,k = Lg,k(0).
This vertex algebra is called the affine vertex algebra for sl2 of level k. A particular
interest is in the case when k is admissible in the sense of Kac and Wakimoto [KW89],
i.e.,
(2.12) k = −2 + p
q
for coprime positive integers p and q such that p ≥ 2. Modules over Lg,k for an admissible
level k were classified in [KW89], which we do not refer to in the present paper. In
the case when k is a positive integer, modules over Lg,k are exhausted by Lg,k(j) for
0 ≤ j ≤ k/2 [FZ92].
6 COSET CONSTRUCTION AND WZW/SLE
In an affine vertex algebra, we have a conformal vector via the Sugawara construction.
Let {Xa}dim ga=1 be an orthonormal basis of g with respect to the given bilinear form (·|·).
For example, we can take
(2.13) X1 =
1√
2
H, X2 =
1
2
(E + F ), X3 =
i√
2
(E − F ).
Then a vector defined by
(2.14) ωSugk :=
1
2(k + 2)
dim g∑
a=1
Xa(−1)2 |0〉
is a conformal vector of central charge cSugk =
3k
k+2 , i.e., the coefficients in the corre-
sponding field
(2.15) Y (ωSugk , z) =
∑
n∈Z
Lnz
−n−2
define a representation of the Virasoro algebra on Lg,k and its modules Lg,k(j). The
conformal weight of a representation Lg,k(j) with respect to this Virasoro action is
given by hSugj =
j(j+1)
k+2 .
2.3. Coset construction of Virasoro minimal models. Here we recall the notion
of a commutant vertex algebra. Let V be a vertex algebra with a conformal vector ωV
and letW ⊂ V be a vertex subalgebra with a conformal vector ωW . For a vector A ∈ V ,
we expand the corresponding field so that
(2.16) Y (A, z) =
∑
n∈Z
A(n)z
−n−1,
where A(n) ∈ End(V ). Then the commutant vertex algebra denoted by Com(W,V ) is
defined by
(2.17) Com(W,V ) = {v ∈ V |w(n)v = 0, w ∈W, n ≥ 0}.
This is a vertex algebra with a conformal vector ωV − ωW .
A particularly important example is the one developed in [GKO86,KW88], which we
explain now. Firstly, we have an injective vertex algebra homomorphism ι : Lg,k+1 →
Lg,k ⊗Lg,1 defined by X(−1) |0〉 7→ (X(−1) |0〉)⊗ |0〉+ |0〉 ⊗ (X(−1) |0〉). Note that the
image of the conformal vector ωSugk+1 in Lg,k+1 under the homomorphism ι is computed
as
2(k + 3)ι(ωSugk+1) =2(k + 2)ω
Sug
k+1 ⊗ |0〉 + 6 |0〉 ⊗ ωSug1
+ 2
(
1
2
H(−1) |0〉 ⊗H(−1) |0〉 + E(−1) |0〉 ⊗ F (−1) |0〉
+ F (−1) |0〉 ⊗ E(−1) |0〉
)
.
From a general principle, the corresponding commutant vertex algebra Com(Lg,k+1, Lg,k⊗
Lg,1) carries a conformal vector ω
Com = ωSugk ⊗ |0〉 + |0〉 ⊗ ωSug1 − ι(ωSugk+1) = − 1k+3Ω,
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where Ω is the generalized Casimir vector given by
Ω =
1
2
H(−1) |0〉 ⊗H(−1) |0〉 + E(−1) |0〉 ⊗ F (−1) |0〉 + F (−1) |0〉 ⊗ E(−1) |0〉
− ωSugk ⊗ |0〉 − k |0〉 ⊗ ωSug1 .
Then the central charge of this conformal vector is
(2.18) cComk = c
Sug
k + c
Sug
1 − cSugk+1 = 1−
6
(k + 2)(k + 3)
.
Notice that in the case when k = −2 + p/q is admissible, this central charge coincides
with cminp,p+q. In fact, more strictly, an isomorphism Com(Lg,k+1, Lg,k ⊗ Lg,1) ≃ LVircminp,p+q
holds. Now let us recall the precise statement in [KW88], which in a particular case
when k is a positive integer reduces to the result in [GKO86]:
Theorem 2.1 ( [KW88]). Let k = −2 + p/q be an admissible level. A representation
Lg,k(j) ⊗ Lg,1(ǫ) of g ⊕ g for 0 ≤ j ≤ (p − 2)/2 and ǫ = 0 or 1/2 is decomposed as a
representation of Vir ⊕ g as follows:
(2.19) Lg,k(j)⊗ Lg,1(ǫ) =
p+q−1⊕
s=1
r−s≡2ǫ mod 2
L(cminp,p+q, hp,p+q;r,s)⊗ Lg,k+1
(
s− 1
2
)
,
where r = 2j + 1.
3. Connection of SLE and the Virasoro algebra
This section is devoted to an exposition of the group theoretical formulation of SLE
originated by Bauer and Bernard [BB02, BB03a, BB03b], which explained how local
martingales associated with SLE were computed from a representation of the Virasoro
algebra.
3.1. Infinite dimensional group Aut+O. Let O = C[[z−1]] be a completed topologi-
cal C-algebra, and let AutO be the group of continuous automorphisms of O. Since each
element ρ ∈ AutO is identified with an infinite series ρ(z), the group AutO is realized
as
(3.1) AutO ≃ {a1z + a0 + a−1z−1 + · · · ∈ C[[z−1]]z|a1 6= 0} .
We define a group law on this group by (µ ∗ ρ)(z) := ρ(µ(z)) for ρ, µ ∈ AutO. A
particularly important subgroup in the present paper denoted by Aut+O is defined
under this realization by
(3.2) Aut+O ≃ {z + a0 + a−1z−1 + · · · } ≃ z + C[[z−1]].
We can consider the Lie algebras of these groups; they consist of vector fields holomor-
phic at z =∞ so that Lie(AutO) = Der0O ≃ zC[[z−1]]∂z, and Lie(Aut+O) = Der+O ≃
C[[z−1]]∂z.
In the context of SLE, the smaller Lie algebra Der+O and the corresponding group
Aut+O are sufficient in formulation. What will become important is that they act on a
certain completion of a representation space of the Virasoro algebra. Since the operator
L0 is diagonalized on a representation L(c, h) so that L(c, h) =
⊕∞
n=0 L(c, h)h+n, where
each eigenspace L(c, h)h+n corresponding to an eigenvalue h + n is finite-dimensional.
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Thus we can take the formal completion as the direct product; L(c, h) :=
∏∞
n=0 L(c, h)h+n.
For each element ρ ∈ Aut+O, we uniquely find numbers vi for i ≤ −1 so that
(3.3) exp
∑
j≤−1
vjz
j+1∂z
 z = ρ(z).
Then from these data, we define an operator Q(ρ) by
(3.4) Q(ρ) := exp
− ∑
j≤−1
vjLj
 ,
and find that this assignment Q : Aut+O → End(L(c, h)) is a representation; it satisfies
Q(ρ ∗ µ) = Q(ρ)Q(µ). Note that the completion of a representation space is required to
make an operator Q(ρ) well-defined.
3.2. Null vector and local martingales. A remarkable discovery by Bauer and
Bernard [BB02, BB03a, BB03b] was that the shifted SLE ft(z) = gt(z) −
√
κBt can
be identified with a random process on the infinite dimensional Lie group Aut+O. To
recall this identification, we consider a random process ft on Aut+O that satisfies the
following SDE:
(3.5) f−1t dft =
(
−2ℓ−2 + κ
2
ℓ2−1
)
dt+
√
κℓ−1dBt,
with the initial condition f0 = Id, where we write ℓn = −zn+1∂z and Bt is the standard
Brownian motion on the real axis that starts at the origin. Then we can find that
the corresponding random process ft(z) with infinite series as its values satisfies the
following SDE:
(3.6) dft(z) =
2
ft(z)
dt+
√
κdBt,
and f0(z) = z. Since the infinite series ft(z) is properly normalized, we can identify the
random process {ft(z)}t≥0 with the shifted SLE(κ).
A virtue of this formulation of SLE as a random process on the infinite dimensional
Lie group Aut+O is that it allows one to compute local martingales associated with SLE
from the representation theory of the Virasoro algebra. Indeed, when we start from a
random process ft on Aut+O, we can consider an operator valued random process Q(ft).
Then a random process Q(ft) |cκ, hκ〉 on L(cκ, hκ) is a local martingale due to the fact
that the vector (−2L−2+ κ2L2−1) |cκ, hκ〉 vanishes because it comes from a singular vector
in the corresponding Verma module.
We can show that the local martingale presented in Eq.(1.2) is deduced from this
vector-valued local martingale in the following three steps: firstly, we regard the bracket
〈 〉 as the vacuum expectation 〈0| |0〉. Secondly, we use a property of a primary field
applied to the vacuum vector that |cκ, hκ〉 = Ψhκ(0) |0〉. Finally, we notice that a
primary field is transformed under the adjoint action by Q(ρ) for ρ ∈ Aut+O so that
(3.7) Ψh(z) = Q(ρ)Ψh(ρ(z))Q(ρ)
−1(ρ′(z))h.
Then we can identify the random process MVirt with
(3.8) MVirt = 〈0|Ψh∞(∞)Ψh1(z1) · · ·Ψhn(zn)Q(ft)|cκ, hκ〉 ,
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which is obviously a local martingale.
Note that in the case when κ = 4p/q for some coprime integers p, q ≥ 3, the corre-
sponding central charge and conformal weight are given by cκ = c
min
p,q and hκ = hp,q;2,1.
4. Extension of SLE along the coset construction
In this section, the main body of the present paper, we show how a generalization of
SLE that has internal degrees of freedom is connected to WZW theory of SU(2) from
the viewpoint of coset construction.
4.1. Extended group Aut+O ⋉ GC(m). Firstly, we introduce a semi-direct product
group denoted by Aut+O⋉GC(m) and see that it acts on a completion of a representation
of ĝ. Let GC = SL(2,C) be the complex Lie group corresponding to g, and let GC(O)
be the set of O-points in GC, which admits the point wise product structure. A relevant
subgroup denoted by GC(m) consists of m-points in GC, where m ⊂ O is the maximal
ideal, then its Lie algebra is realized as g ⊗ C[[ζ−1]]ζ−1. Since the group Aut+O acts
on GC(m) by the transformation of the variable, we can take their semi-direct product
group Aut+O ⋉GC(m).
On a representation Lg,k(j) of ĝ, the operator L0 defined by the Sugawara construction
is diagonalized so that Lg,k(j) =
⊕∞
n=0 Lg,k(j)hSugj +n
. Then again we can consider the
formal completion Lg,k(j) =
∏∞
n=0 Lg,k(j)hSugj +n
. We already know that this space
admits an action of ĝ and the Virasoro algebra through the Sugawara construction; but
moreover, their commutation relation [Lm,X(n)] = −nX(m+n) ensures that the semi-
direct product Lie algebra Vir ⋉ ĝ is acting on the same space. It is also obvious that
using this action, one can define a representation πk of Aut+O ⋉GC(m) on Lg,k(j).
4.2. Coupling of SLE with WZW theory. As we have already seen, SLE(κ) is cou-
pled to CFT associated with the Virasoro algebra, or more precisely, to the representa-
tion L(cκ, hκ) via the property that Q(ft) |cκ, hκ〉 is a local martingale, where ft is the
shifted SLE(κ). In this section, we consider the case when κ = 4p/(p+ q) with coprime
integers p and q, and we regard the corresponding representation L(cminp,p+q, hp,p+q;2,1) as
one appearing in the coset construction, and extend the notion of SLE with the guiding
principle that local martingales are computed from the representation theory.
In Theorem 2.1, the desired representation L(cminp,p+q, hp,p+q;2.1) of the Virasoro algebra
appears in the case when k = −2 + p/q, j = ǫ = 12 , with the vacuum representation
Lg,k+1(0) of ĝ of level k + 1 as its partner. Indeed the vector
(4.1) |s〉 :=
∣∣∣∣12
〉
k
⊗ F
∣∣∣∣12
〉
1
− F
∣∣∣∣12
〉
k
⊗
∣∣∣∣12
〉
1
is identified with |cminp,p+q, hp,p+q;2,1〉 ⊗ |0〉k+1 ∈ L(cminp,p+q, hp,p+q;2,1) ⊗ Lg,k+1(0). Here we
put subscripts that specify the levels of representations in which the vectors lie.
Since conformal vectors in the current context are in relation ωSugk ⊗|0〉+ |0〉⊗ωSug1 =
ι(ωSugk+1) + ω
Com, we have a relation among actions of the Virasoro algebra as follows:
(4.2) Lg,kn + L
g,1
n = L
Vir
n + L
g,k+1
n ,
where superscripts specify the spaces on which the operators act. Since the action of
Aut+O on a completed representation space is defined by exponentiating the action of
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the Virasoro algebra, this relation implies that the diagonal action of Aut+O can be
expressed as
(4.3) πk(ρ)⊗ π1(ρ) = QVir(ρ)⊗ πk+1(ρ)
for ρ ∈ Aut+O. What is important here is that the diagonal action of the Virasoro
algebra cannot be written in terms of the diagonal action of the affine Lie algebra
because the action of the Virasoro algebra is defined by the Sugawara construction that
involves quadratic terms in the action of the affine Lie algebra. On the other hand, the
diagonal action of the affine Lie algebra is by definition is written as the action of ĝ of
level k+1. Since the action of GC(m) is given by exponentials of the action of the affine
Lie algebra, we can express the diagonal action of GC(m) as
(4.4) πk(Θ)⊗ π1(Θ) = IdVir ⊗ πk+1(Θ)
for Θ ∈ GC(m). Here IdVir is the identity operator on a representation space of the
Virasoro algebra. If we write G = Θρ and combine Eq.(4.3) and Eq.(4.4), we obtain an
expression of the diagonal action of Aut+O ⋉GC(m):
(4.5) πk(G )⊗ π1(G ) = QVir(ρ)⊗ πk+1(G ).
We again consider the random process ft on Aut+O that is identified with the shifted
SLE(κ), and a random process πk(ft)⊗ π1(ft) |s〉. As we have already seen, if we take
κ = 4p/(p+q), then QVir(ft) |cminp.p+q, hp,p+q;2,1〉 is a local martingale, but since the partner
πk+1(ft) |0〉k+1 gives a nontrivial contribution, the total random process
(4.6) πk(ft)⊗ π1(ft) |s〉 = QVir(ft) |cminp,p+q, hp,p+q;2,1〉 ⊗ πk+1(ft) |0〉k+1
is not a local martingale. Thus we need some modification to obtain a local martingale
in this total space.
To motivate the SDE presented below, let us see how the increment of the random
process πk+1(ft) |0〉k+1 looks like. Important points are that the vacuum vector |0〉k+1
is translation invariant, i.e., Lg,k+1−1 |0〉k+1 = 0, and the action of the Virasoro algebra is
given by the Sugawara construction. Thus we see that
(4.7) πk+1(ft)dπ
k+1(ft) |0〉k+1 = −2Lg,k+1−2 |0〉k+1 dt = −
1
k + 3
3∑
a=1
Xa(−1)2 |0〉k+1 dt.
Then we wonder whether one can compensate this increment by considering random
process along the internal space.
To this aim, we consider a random process Gt = Θtft on Aut+O ⋉ GC(m), where ft
on Aut+O is identical to the one introduced above, and Θt is on GC(m). We impose the
following SDE on Θt:
(4.8) Θ−1t dΘt =
τ
2
3∑
a=1
(Xa ⊗ ft(ζ)−1)2dt+
√
τ
3∑
a=1
Xa ⊗ ft(ζ)−1dW (a)t
Here W
(a)
t for a = 1, 2, 3 are mutually independent standard Brownian motions that are
also independent of Bt and start at the origin. Then the random process Gt satisfies the
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SDE
G
−1
t dGt =
(
−2ℓ−2 + κ
2
ℓ2−1 +
τ
2
3∑
a=1
Xa(−1)2
)
dt(4.9)
+
√
κℓ−1dBt +
√
τ
3∑
a=1
Xa(−1)dW (a)t .
By definition of the Sugawara construction, πk+1(Gt) |0〉k+1 is a local martingale if we
take τ = 2
k+3 . Note that the martingale condition on π
k+1(Gt) |0〉k+1 does not cause
any restriction on the parameter κ because the vacuum vector is translation invariant.
The translation invariance of the vacuum vector also ensures that the tensor product
QVir(ft) |cminp,p+q, hp,p+q;2,1〉 ⊗ πk+1(Gt) |0〉k+1 is a local martingale as well. Consequently,
we have the following:
Theorem 4.1. Let k = −2 + p/q be an admissible level, and let κ and τ be chosen
as κ = 4k+2
k+3 and τ =
2
k+3 . Then the random process π
k(Gt) ⊗ π1(Gt) |s〉 is a local
martingale.
Moreover, by applying maps 1⊗ 〈1/2| and 1⊗ 〈1/2|E from Lg,k(1/2)⊗ Lg,1(1/2) to
Lg,k(1/2) on the local martingale π
k(Gt)⊗π1(Gt) |s〉, we also obtain the following result:
Corollary 4.2. Let k = −2 + p/q be an admissible level. With the same parameters
κ = 4k+2
k+3 and τ =
2
k+3 , π
k(Gt) |v 1
2
〉 is a local martingale for arbitrary choice |v 1
2
〉 from
the fundamental (spin-12) representation L(
1
2) = C |1/2〉 ⊕ F |1/2〉.
The construction of the martingale in Eq.(1.4) is almost in the same way as in the case
of the Virasoro algebra except for that a primary field Ψ(|λ〉 , z) for the SU(2) WZW
model transforms under the adjoint action by πk(Θρ) for ρ ∈ Aut+O and Θ ∈ GC(m)
so that
(4.10) Ψ(|λ〉 , z) = πk(Θρ)Ψ(Θ−1(z) |λ〉 , ρ(z))πk(Θρ)−1(ρ′(z))hλ ,
where Θ−1(z) is a C[[z−1]]z−1-point in SL(2,C) obtained by identifying the formal
variable ζ in Θ−1 with the formal variable z. If we write |λ(z)〉t for Θ−1t (z) |λ〉, we can
verify that this random process satisfies the SDE in Eq.(1.5). Then the quantity in
Eq.(1.4) is identified with
(4.11) MGt = 〈0|Ψ(|λ∞〉 ,∞)Ψ(|λ1〉 , z1) · · ·Ψ(|λn〉 , zn)πk(Gt)|v 1
2
〉 ,
where |v 1
2
〉 ∈ L(12 ). Then we have an alternative simpler proof of the following theorem
presented in the previous works [BGLW05,ABI11]:
Theorem 4.3. Let k = −2+p/q be an admissible level. For the choice of the parameters
κ = 4k+2
k+3 and τ =
2
k+3 , MGt in Eq.(1.4) with λ being the fundamental weight is a local
martingale.
5. Conclusion
In this paper, we investigated how SLE was coupled to WZW model for SU(2) relying
on the coset construction in [GKO86,KW88]. In the classical theory of the SLE/CFT
correspondence, local martingales associated with SLE can be realized as a random
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process on a completion of a representation of the Virasoro algebra due to existence of
a null vector. The starting point of our present work was to regard this representation
of the Virasoro algebra as one obtained by the coset construction. Importantly, the
partner representation of ĝ of level k + 1 to the relevant representaion of the Virasoro
algebra was the vacuum representation. Because of the translation invariance of the
vacuum vector, the martingale condition for the random process on the partner space
did not cause any restriction on the parameter κ, but only did on the parameter τ . This
can be interpreted that SLE and a random process in the internal space are decoupled
into the components of the tensor product space, and explains how certain parameters
are chosen in terms of the level of the WZW model.
From the viewpoint of the current work, among generalizations of SLE corresponding
to WZW theories, the one for SU(2) has a special importance in the sense that the
W-algebra corresponding to sl2 is the Virasoro algebra, which is connected to SLE. For
a simply laced finite dimensional simple Lie algebra g, it was proved in [ACL18] that
(5.1) W
−h∨+ k+h
∨
k+h∨+1
(g) ≃ Com(Lg,k+1, Lg,k ⊗ Lg,1),
where Lg,k is the affine vertex algebra for g of an admissible level k defined in the same
way as in the case of sl2, Wk(g) is the principal W-algebra for g of level k defined
by the quantum Drinfeld-Sokolov reduction, and h∨ is the dual Coxeter number of g.
Thus a possible future direction is to consider a generalization of SLE that is connected
to a W-algebra, and in relation to this generalization, discuss a generalization of SLE
corresponding to a WZW theory. Note that a W-algebra is not a Lie algebra but just
a vertex algebra in general, which might cause a difficulty in consideration of such a
generalization because a description using an infinite dimensional Lie group is no longer
available.
We can also think of another method to couple SLE with a WZW model via the
coset construction proposed by Kac and Wakimoto [KW90] and studied by Bouwknegt
[Bou97]. In this construction, one consider an embedding gjk → gk defined by X(−1) 7→
X(−j). Then it has been shown that a representation Lg,k(Λ) of ĝ of weight Λ and level
k is decomposed into representations of Vir⊕ ĝ. This decomposition has been classified
in the case when the central charge for the Virasoro algebra is less than unity. Possibly
important examples include the case when g = E8, k = 1 and j = 2. In this case, the
representation LE8,1(0) has a component L
Vir
cmin3,4
(h3,4;2,1)⊗LE8,2(0) in the decomposition,
where the representation of the Virasoro algebra is connected to SLE(3) and the partner
representation of Ê8 of level 2 is the vacuum representation. Other relevant examples
can be found in the work by Bouwknegt [Bou97]. It will be interesting to formulate a
generalization of SLE corresponding to a WZW theory through this coset construction.
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